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Quantification des effets de rotation ; nombre de Rossby

faible rotation (3.5 rpm) forte rotation (14 rpm)
20 cm
L=2 cm o
T=1s
Q=0.366 s
Ro=1.366
6 cm
AT~40°C

vues de coté
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Quantification des effets de stratification ; nombre de Froude

Approche énergétique :

z
H == l ----------------- ,
travail
travalil Wmélange
W |
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(a) 2 (b) \
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- Comparaison Ec et Ep ?
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ApgH r NoeH

B) Nombre de FROUDE
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Quantification des effets de stratification ; nombre de Froude

Frequence de Brint -Vaisala (fréquence de flottaison)

Buoyancy force for displacement of volume V by h:

F =g I:p -4 h :I 7 Say, initial condition: %(r =0)=W, and 7(0)=0
Newton's law (ma=Fg): -y W)= ng v

d’l * N
p(=)V dr? glp(z+n)-p(=)]V

Boussinesq (Ap << p,). neglect Ap before inertia terms

and Taylor expansion

p(z41)=p(2)+ ‘;" he.
. Perturb
gives: 2 (lift)
) | ’h g d
pod_j?_gd_phzo e., 3 —i—phzo
dt dz - p, dz Buoyancy force
2

vertical acceleration or buoyancy » of
* p= g(p, —p) a volume of water at p surrounded by
Po water at p,

|
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Quantification des effets de stratification ; nombre de Froude

Homogene Fr=oo

« faible » stratification

(e)

Turbulent waks

¥
3 W,

e Fr=1

« forte » stratification
Fr=0.1
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Quantification des effets de stratification ; nombre de Froude

Phénomene « dead water » Fr=1

http://www.nioz.nl/nioz_nl/281c18dbf72fc51c599b4f49dddc1143.php

Ecoulements Géophysiques F. Moulin 2018-2019 6




Quantification des effets de stratification ; eau et océans

Eau de mer, le plus facile... pas d'effets de compressibilite !!!

Equation of state of seawater

Density of seawater depends essentially on temperature and salinity (very little on pressure since

incompressible):

p=p,(1-a(T-T,)+B(5-5,))
p, =1028 kg/m’

@ =17 x10° K for T'=283K =10°C
B=76x10" for S, =35%s

(grams of salt per kilogram of seawater or psu')

1 practical salinity

and since linear units: approximately
— = == 1000 times the mass
2=p0, (I_Q(T_TO)'!')B(S_SO )) of dissolved salts pel
' unit mass of
seawater.

With additional variable S, need salinity budget:
ds

—e= KSVES
dt

Note: what diffusivity?

1030

1020+
-
| -
E
o0
=
2 1010+
o
=}
<3
1000}
temperature (°C)
Figure LIL The varimion of density with temperature for various values of the
salinity but ot atmospheric pressure, The curve on the left shows the temperature at
which freezing ocenrs, The density of freshwater (salinity = 0 psu) is greatest at about

A bt b seawater of salinity typically mnging from 32 psu to 38 psu, the maximum
density v reached m the freezing point,

(Thorpe)
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Quantification des effets de stratification ; eau et océans

Water properties profiles (NA)
Adiabatic heating due to pressure of water column?

0 T T i

1000 b s T Adiabatic lapse rate:
g i + T i T
E 2000 ra _ g
% 3000 - + p
. ~1.16x10™ Km™ at 10°C (near surface)

4000 | 3 ks

~1.31x107" Km™ at 4°C (at 4000m depth)
5HOG'O .(J 2'0 3'5 1;6 3.? 2IG 2'? E' I [).DIOS I i P B ©
" - L5 d Bopeied see Gill 1982 values of aandc,. Tisin °K.

Figure 1.12. The variation of water properties with depth in the North Atlantic at 2
29.50' N, 75° 42.22 W in April 2004, From left to right: potential temperature (4),
salinity (§). sigma-theta, a measure of density (here referred to the surface, o), and
the buoyancy frequency (V) change with pressure (100 dbar = | MPa = 100 m). The
profile of potential temperature exhibits a rapid decrease in temperature in the seasonal
thermocline at about 200 m depth, followed by a further decrease down to about

1200 m in the main thermocline (or main pycnocling). These changes are matched in
the a,, profile by a rapid increase of density in the seasonal thermocline and a more
gradual increase in the main pycnocline. Relatively large values of buoyancy
frequency, N. accompany these thermoclines. The small-scale structure in N possibly
indicates the variations in the density gradient caused by internal waves or double
diffusive convection, The near-surface and bottom mixed layers are not resolved in
these profiles but may be seen in Fig, 2.4(a). (Figure kindly supplied by Dr B. A. King,
National Oceanographic Centre, Southampton.)

Usually this can be ignored, unless water is
transported vertically over very large depths or when
comparing densities separated by large vertical
distances. Then, potential temperature and
otential density must be introduced.

Modele continu ?
Modeéle a 2 (N) couches ?
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Quantification des effets de stratification ; air et compressibilité

Atmosphere... problemes de compressibilité... mais Gaz Parfait !
Poftential temperature. the temperature variations due fo changes in pressure
(altitude) are eliminated.

The potential temperature 0 is therefore defined as the temperature that would
result if a parcel of air was brought down adiabaticallv fo a standard or reference

pressure, taken as p,=1000hPa. oo B
Thus, for an isentropic procesy 0 =17 (p)
p RIC T — 0 is the dynamically significant
0=T7T|— [ = COHS;J temperature for dry air.
Py 1

Equation de la chaleur (thermodynamique)

De ) > |
[}jj + P(DV/Dt)/V = éQ/v cad pcﬁ% _ P(Dp/Dt)/p = KypAT
. D6 v
Equationen® o —— — K;p—AT
- Pl Dt 1TET
Intéréts? 1) Dans une transformation adiabatique, 6=cste...

. 2) permet une comparaison a la méme Eression 11
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Quantification des effets de stratification ; air et compressibilité

Stratification des couches atmosphériques...

The adiabatic (vertical) temperature gradient can be shown to be (e.g. Gill 1982)

ar _r__g
dz C

very stable

Pd T T
80 |~ LN
I is the (dry) adiabatic lapse rate (9.8°C / km for air), .
@
C,q1s the specific heat at constant pressure for dry air.
= 60— g + 288 %107
Z F 3 . :f; 50 |— A + arexi0™t .'2
Statically stable ) STRATOPAUSE 2
3 40 w 1 3@5x107 =l
E @ [
& ¥ z
'é 30 - E .7+ 00I80 e
i g
o - o R |
7 20 w ..:'. : 74 coss0
¥ L particle lighter than surr. W T S . ] - stable
\ / TROPOSPHERE \ ‘ T
o : ' L L= ISR P
: ':./ OACI standard atmosphere : 0 by L T
MPERATURE (K
\ 0 f b
Statl Ca | |y u n Sta b |e "'6 . 5 K,I' kiT] for 0 < Z < 1 1 km Fig. 3.3. Temperature variation with geopotEMia_l_ height for the _I:J,S:-'S'Eandard Atmosphere (solid line). This
\ consists of straight-line segments with breaks at 11, 20, ii’ﬂ.‘ST,‘a'ﬁH 71 km. The surface temperature is 15°C and
\ /‘\‘ the gradients, starting from the surface, are — 6.5, 0. 1.0, 28,0, —2.8, and =20 K km~ 1. The dashed line shows
the lowest and highest monthly mean temperatures obtalned for any location between equator and pole, whereas
the dotted line shows estimates of the 1% maximum and minimum temperatures that occur during the warmest
and coldest months, respectively, in the most extreme locations. The scale at the right gives pressures and densities

at 10-km intervals for the standard profile, [Fram NOAA/NASA/USAF, 1976.]

Standard Atmosphere, Gill 1982

Calcul de ]
N 277 » N? = —1/po (d,o/d.z

milieuw dp / dz

deplacement adiabatique

Mieux vaut tracer les profils de 6 (au p,).--

g

Ecoulements Géophysiques F. Moulin 2018-2

019

10



Echelles naturelles avec rotation et stratification

Ro=1 et Fr=1

Ap
Rayon de déformation B 009 H
interne de Rossby Lpine = 20)
Vitesse « naturelle » Ap
Unat = |=——9H
\ Po

Application a I'ocean et I'atmosphere ?
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Forces d’inertie

Référentiels non galiléens :

E=—2m§xv_r’

fie = —mQ x (0 x OM) )
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Equations sur une coque (quasi) sphérique

Equations en sphériques ?

@ : Approximations classiques ?
- i k - Couche mince ?
-« traditionnelle » ?
- Hydrostatique ?

Paralle]

r

Greenwich
UBIPLIOJA
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Approximation cartésienne (plan f)

Best coordinate system : oblate spherical coordinates (for @ =0 oblate spheroids as 1st approx.)
Next best coordinate system : spherical polar coordinates with 0.17% error taking z w.r.t. ®=0 but for

r=const.
Working coordinate system for L <<r__,, : local Cartesian
Q =Qcos (p}' +Qsin go]ﬁ(
2Q xu = (2Qcos pw—2Qsin rpv)}
+(2Qs1n gpﬂ)}'
—(2Qcos (;91{)}}

Define f=2Qsme  Coriolis parameter

f.=2Qcos @ Reciprocal Coriolis parameter

Q0 =7.29 103 rad s’
f(p=43.6°)=5.03 10-° rad s’

Note : f > 0 in northern hemisphere, f<0 in southern hemisphere
f.> 0 both north and south; f.=0 at poles.
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Cas atmosphérique

$+MVMJI$;
(:T:‘ + (T V)v) = —fu-— gii) E?\Lj,rW, P, p, T(8)
ﬁ’(w?muiﬁi
0 = D@ttt
~ PM
P=RT
pC’.t_T% = Kp E%AT
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Cas océanique

M @) = o 2L
i - dig 1 v
@I = —fu—ls WM wRATS,
%‘j (7. ) (w) = :Spt

0 = $+(ﬁ.f)(p)+p($+i+$>

oT.5,P) = (1 50 (T =T+ s, (S~ St 5 (P Ty)) )

DT/Df _ ATEAT DS&/Dt — k-Sa_EASu.
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Approximation de Boussinesq

du S Op 1
5 (Lt.?)(u) — 1 —a;
v s op 1
,..—1+ (7. V)(v) = — Ii_r_f_ pour
oL Oy p u,v,w, P, p
Ow s o 10 P
B (1 ?)(u,) — 0: (
dp , = ou OJv  Ow
1024 1028 . E_)IL + ( ! )(p) + p (E)J‘ + i_)y + E_);: )
T Dot — asiy
p=rpo(z)+p(x,y 21
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Approximation de Boussinesq

For incompressible flow and Newtonian fluid, momentum equations become:

(p,+p" %+2qu] =—§p—(po +p‘)gk+y§7.§
[

Since  p'< p., p' can be neglected before the inertia term but NOT before g | WHY?

Du 1l ¢p =
—+ fiw—-fr=——"—+vVu ividi -
Iy J o dividing by p,
Dy e L2 5
Dt P, Oy
&—f*u = —Li—p—Lp'g ——p,
Dt P, 0z P,
careful!
1 op 1 dp,

With =p,(z)+ (x,v,z,t) &= -— - — —
P=p,(2)+p'(x,y,2,1) oo pdz p 0

o !

=2 \ )y ! \ )y !
:> ——fH—— ——g+vV'w Note that 8_p=aiand8_p=ai
Po 02 P, Ox  Ox oy 0Oy

both terms of same order!
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Approximation de Boussinesq

du L op
o (H}ﬁ) () = fv— :_p +vpAu

ot po Ox
ov . 1 op
a + (H- ﬁ) (L) = —fﬂ- — %E —+ .UEAL‘
8-u} N v }OI 1 @ !
— w) = ——qg— — A
P (u )(u,) mg 0 + v Auw
div(aw) = 0

oy d
arey (Tﬁ'ﬁ) (p) +w dio = apAp

f=f, BB plan f (ou f,)
f=fo+By ~ EE) plan P
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Adimensionnalisation

—

du = 1 op
% ('_U?-V) (u) = fv- oz vE Au — pour les longueurs :
dv 1 op  fe— Ltl‘*.{ i = L'y*_ »= H*
T ) = —fo— o 4 g y =Ly,
ot " ( ' 7) (v) i o Jy B — pour les vitesses :
SIT — _f 1 0’ S— T Tk y — JTa9* b e NAZ i
()i + (TFV) (w) = —Lg_ =2 L paw[ U= Uu™, v=Uv", w=Wuw
ot po po Oz - N
diulm) = 0 — pour le temps :
op/ dp: t="Tt"
W = ( v) (P!) -+ W ;OU = O:’E/_\ﬁ’
dz

Et pour dimensionner P’ et p’ ? l
si la rotation domine... p' = fULpop*

si p’ varie de Ap suivant la verticale H... ,O’f = Ap p*

Pour la continuité ?
ou 0w ow WL _ = W

— <1
i dy* T 0z* HU HU
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Adimensionnalisation

Pour la quantité de mouvement horizontale :
1L Ou* U ()u *c’:)-u..* 44 L L ou” " (“)p”‘ v O%u*
( )E" fL)AhU -+

T ot "L \" o " By T HU" B2 FH? 0272
~— ~— —— N——
Ror Ro Ekjg, FEkyg
1 Ov* U ( L Ov” " ki’)’l** W L ()z* ) . op* " 1% % v 0%v*
: = U — v : = — — = : U = Ry
;T o " fL\" oo "oy THUY 02) T T T oy T 2O T T 927
~—~ —~— —— ——
Ror Ro Ekr, Eky

ol Rop est le nombre de Rossby temporel, Ro le nombre de Rossby « classique », Eky le nombre
d’Ekman horizontal et Eky le nombre d’Ekman vertical.

Pour la quantité de mouvement verticale :

- (H'L) (H)’du 3 (WL) (H)’ ( Owt | Owt WL .A,i')'uf‘)
0 s _ + [to = u v w —
\mv)\1) o T\mu)\T) "o " oy TEUY o
a4 <<l i <<l
o Op ((Ap/po)gHN , . (WL (H\? 02w
— —03*' — HU( Ug )[) T (ﬁ) (f) EALAhu +E,Z1H ()/‘)'
1 /Fr2 A <<l
T ———
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Adimensionnalisation

Interprétation des nombres sans dimension...

Ro ) Le cas Ro<<1

RO(H/L)* mm) et Ro/Fr2<<1 est trés clair _:_
Roy (couche homogéne en rotation) §
Ro/Fr?

Mais attention... tout repose sur le dimensionnement de P’ et p’ !l
Exercice : sans rotation, comment dimensionner P’_?

adimensionner alors les équations...
on retrouve bien 1/Fr2 devant p* e

Remarque 1 : avec Ro << 1, I'hydrostasie liée aux acceleratlons

verticales négligeables dewent encore plus facile !!! (H/L)? -

Ro(H/L)?

Remarque 2 : si Ro/Fr2 >> 1, on pourrait croire que p*=0 a

I'ordre le plus bas... aucun mouvement vertical...

Mauvais dimensionnement de la pression en fait...
TT—
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llI- Effets de rotation (couche homogene)

— eclfet de la rotation mmportant
. Ro(H/L)? << 1
— stratification négligeable (dynamique d'une fluide homogéne)

— couche mince

- Ro < 1

Ro/Fr? << 1

Ju du ou WL 0Ou

Bor—— 4 Bl 55— 4%
T O(idertdujLHU 0)
v Ov ov WL v
T T O(“m“d i d)
0
0
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