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Gravity- or buoyancy-driven bodies moving in a slightly viscous fluid frequently follow fluttering or
helical paths. Current models of such systems are largely empirical and fail to predict several of the key
features of their evolution, especially close to the onset of path instability. Here, using a weakly nonlinear
expansion of the full set of governing equations, we present a new generic reduced-order model based on a
pair of amplitude equations with exact coefficients that drive the evolution of the first pair of unstable
modes. We show that the predictions of this model for the style (e.g., fluttering or spiraling) and
characteristics (e.g., frequency and maximum inclination angle) of path oscillations compare well with
various recent data for both solid disks and air bubbles.
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Fluttering, tumbling, or spiraling trajectories are routinely observed with bodies falling or rising freely in a large
expanse of fluid, such as autumn leaves or coins and
millimeter bubbles released in water [1,2]. These familiar
situations contain the essence of the behavior of engineering and living systems undergoing sideways drift because
of some symmetry breaking related to the intrinsic couplings between the body and fluid, e.g., Ref. [3]. This is
why noticeable and continuous efforts have been devoted
over the last two decades to derive reduced-order models
aimed at capturing the way these couplings govern the style
of gravity- or buoyancy-driven motions of plates [4–8],
disks [9], or bubbles [10] in a slightly viscous fluid.
All these models are grounded in a dynamical system
expressing Newton’s second law applied to the moving
body and involving the hydrodynamic forces and torques it
experiences. These loads are generally split into “inertia”
effects related to the displaced fluid and “wake” effects
resulting from the vorticity generated at the body surface,
the two of them being assumed to superimpose linearly.
Potential flow theory provides guidance to express the
contribution of the former as a function of the instantaneous
body acceleration, velocity, and rotation rate, while empirical expressions implicitly assuming a quasisteady behavior,
i.e., no dependency on the wake past history, are used to
obtain closed-form models for the latter as a function of the
same variables, e.g., Refs. [7,8]. Obviously, the resulting
models involve a set of prefactors that needs to be fitted on
experimental or computational data. Besides the limitations
inherent to the assumption of quasisteadiness in the case
of rapid oscillations, these models suffer from two major
weaknesses because they postulate but cannot predict two
key characteristics of the system evolution, namely, the
sub- or supercritical nature of the bifurcation that breaks
the initial vertical path and the two- or three-dimensional
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nature of the subsequent path geometry. For instance,
the primary transition experienced by millimeter rising
bubbles was assumed to be subcritical in Ref. [10] but the
combination of direct simulations [11] and global stability
predictions [12] has now established that it is actually
supercritical.
In this Letter we propose a new generic approach to this
class of problems aimed at predicting the occurrence and
characteristics of the first nonvertical regime. The resulting
model overcomes the above limitations and does not
require any empirical adjustment once the body characteristics are known. Besides shape and density, the latter
include the nature of the surface, which allows the fluid to
slip along the body in the case of bubbles and yields the
usual no-slip condition for solid bodies. We derive this
model by adopting a stability viewpoint and performing a
rigorous weakly nonlinear expansion of the full set of
governing equations, namely, the Navier-Stokes equations
for the fluid, the Newton equations for the body, plus the
boundary conditions that couple the two of them at the
body surface. This yields a set of amplitude equations
whose coefficients may be computed exactly for a given
body. Considering contrasting situations, we demonstrate
the capabilities of this model to predict the characteristics
of the first nonvertical path that can be periodic, as in the
zigzagging (or fluttering) and helical (or spiraling) regimes
discussed below, or steady oblique as observed in some
narrow range of parameters with spheres and light disks.
We consider thin cylinders (hereafter referred to as
“disks”) of thickness h, diameter d, and density ρb falling
or rising freely under gravity or buoyancy in an unbounded
fluid of kinematic viscosity νf and density ρf at rest at
infinity. We also briefly consider oblate spheroidal bubbles
with major and minor semiaxes b and a, respectively. In
both cases the body is characterized by its volume V, mass
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M, and moment of inertia tensor I. The problem involves
three dimensionless control parameters. Effects of the body
geometrical anisotropy are characterized by a geometrical
aspect ratio, i.e., χ ¼ d=h for disks and χ ¼ b=a for
spheroidal bubbles. Fluid and body inertia are compared
through the body-to-fluid density ratio ρ̄ ¼ ρb =ρf . Finally,
buoyancy and viscous effects are compared through the
Archimedes number Ar ¼ Ug l1 =νf involving the gravitational velocity Ug ¼ ðjρ̄ − 1jgl2 Þ1=2, with l1 ¼ d and
3
l2 ¼ 16
h for disks, l1 ¼ 2ðab2 Þ1=3 and l2 ¼ 14 ðab2 Þ1=3
for spheroidal bubbles [13].
We formulate the problem in a system of axes ðx; y; zÞ
translating and rotating with the body, with the unit
vector ex collinear to the disk or bubble symmetry axis
and directed upwards, and ey and ez lying in the body
diametrical plane (see Fig. 1 in the Supplemental Material
[14]). The body motion is described by the state vector
Qb ¼ ½UðtÞ; ΩðtÞ; ΞðtÞT , where U and Ω are the translational and rotational velocities, respectively, and Ξ is the
angular position vector whose components are the roll,
pitch, and yaw angles of the system, i.e., the angular
positions of the x, y, and z axes with respect to fixed axes,
respectively. For small angular deviations from vertical, the
rotation rate is merely the time rate of change of Ξ, i.e.,
Ω ¼ dt Ξ. The fluid flow is described by the state vector
Qf ¼ ½Vðx; y; z; tÞ; Pðx; y; z; tÞT , where V is the local
absolute velocity and P is the local pressure. The body
path is governed by the rigid-body motion equations and
the flow about it by the Navier-Stokes equations. The fluidbody couplings are provided by the fluid forces and torques
on the one hand and the boundary conditions at the body
surface S on the other hand. The full set of equations
reads [15]
∇ · V ¼ 0;

ð1aÞ

2
∂ t V þ ðV − WÞ · ∇V þ Ω × V ¼ −ρ−1
f ∇P þ νf ∇ V;

ð1bÞ
Z
Mðdt U þ Ω × UÞ þ ðρf V − MÞg ¼
Z
I · dt Ω þ Ω × ðI · ΩÞ ¼

S

dt Ξ ¼ Ω;

S

T · ndS;

r × ðT · nÞdS;

ð1cÞ
ð1dÞ
ð1eÞ

where r denotes the position vector relative to the body
center of inertia, W ¼ U þ Ω × r is the local entrainment
velocity of the ðx; y; zÞ axes, and T ¼ −PI þ ρf νf ð∇V þ
T
∇VÞ is the stress tensor. The no-slip condition V ¼ W
holds on the disk surface. In the case of a clean bubble, it is
replaced by the zero penetration condition V · n ¼ W · n
and the shear-free condition n × ðT · nÞ ¼ 0, n denoting
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the local unit normal to S. Finally, the fluid is at rest far
from the body, implying V ¼ 0 for ∥r∥ → ∞.
The solution to Eq. (1) may be considered as a state
vector Q ¼ ½Qf ; Qb T . For both types of bodies (and
provided χ is large enough in the case of bubbles), a
bifurcation to a nonvertical path occurs if the Archimedes
number exceeds a threshold Arc ðχ; ρ̄Þ [11,12,15]. Thus we
investigate the vicinity
of this
ﬃ threshold by defining a small
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
parameter ϵ ¼ Ar − Arc =Arc. To this aim, following
Refs. [16,17], we introduce a two-time expansion procedure with a fast time scale t and a slow time scale τ ¼ ϵ2 t
so as to expand this solution in the form
Q ¼ Q0 þ ϵq1 ðt; τÞ þ ϵ2 q2 ðt; τÞ þ ϵ3 q3 ðt; τÞ þ    :

ð2Þ

The base state Q0 corresponds to the steady, vertical fall or
rise with an axisymmetric flow field, and is computed as the
solution of the nonlinear problem arising from the leading
order of Eqs. (1a)–(1c). At order ϵ, q1 is the solution of the
linear stability problem which is solved as in Refs. [15,18].
Taking advantage of the body axisymmetry, we express
the fluid velocity and pressure fields in the body frame
using cylindrical coordinates ðx; r; φÞ and seek this solution
as a superposition of eigenmodes of the form q̂1m ¼
½q̂fm ðx; rÞeimφ ; q̂bm T eλt , where m is the azimuthal wave
number and λ ¼ λr þ iλi is the complex eigenvalue. As
shown in Refs. [15,18], the most unstable eigenmodes
responsible for the bifurcation at Ar ¼ Arc always correspond to azimuthal wave numbers m ¼ 1.
The key result of this Letter is that these two modes
also suffice to describe quantitatively the characteristics
of the nonlinear fluttering and helical motions observed
for Ar > Arc. Hence, restricting the following analysis
to these modes, the general OðϵÞ solution may be expressed in the form ϵq1 ¼ Âþ ðτÞ½q̂fþ1 ðx; rÞeþiφ ; q̂bþ1 T eiλic t þ
Â− ðτÞ½q̂f−1 ðx; rÞe−iφ ; q̂b−1 T eiλic t þ c:c:, where Â ðτÞ are the
OðϵÞ complex amplitudes of the two global modes,
λic ¼ λi ðArc Þ, and c.c. denotes the complex conjugate.
We normalize these eigenmodes so that the norm of the
corresponding angular position vector (i.e., the third component of q̂b1 ), say θ̂1, is unity. In this way, the maximum
inclination of the body is merely θmax ¼ jÂþ þ Â− j. Terms
of order ϵ2 and ϵ3 in the expansion Eq. (2) are the solution
of linear inhomogeneous problems arising from the Taylor
expansion of Eq. (1) at the corresponding order. Details
about the mathematical structure of these problems and
the numerical procedure used to solve them with the
FreeFem++ finite element software [19] are given in the
Supplemental Material [14]. Note that in the simpler case
where the axisymmetry of the base state is broken by a
stationary bifurcation, a similar procedure allows realistic
predictions of the occurrence and characteristics of the
steady inclined paths that freely moving spheres, and
sometimes disks, follow in some narrow range of Ar
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[20]. Here, besides the growth rate, frequency, and spatial
structure of the global mode q1 , this procedure provides the
pair of complex amplitude equations
dt Â ¼ ðAr − Arc Þσ Â − μÂ jÂ j2 − νÂ jÂ∓ j2 ;

ð3Þ

where ðAr − Arc Þσ r is the Oðϵ2 Þ exponential growth rate of
q1 in the linear regime, ðAr − Arc Þσ i is the Oðϵ2 Þ shift of
the angular frequency resulting from the distance to the
threshold (subscripts r and i denote the real and imaginary
parts, respectively), and μ and ν are complex coefficients
responsible for the nonlinear saturation. Coefficients σ; μ,
and ν are computed so as to avoid resonant terms in the
various linear problems encountered up to Oðϵ3 Þ; details
about the corresponding procedure based on the Fredholm
alternative and the use of adjoint modes [21] are provided
in the Supplemental Material [14] (see also Ref. [17]). The
FreeFem++ scripts used to compute the above coefficients
are available upon simple request [22].
The normal form (3) is characteristic of a Hopf bifurcation for a problem exhibiting an O(2) symmetry [23]. It is
known to have two nontrivial solutions, namely, a rotating
wave (RW) solution merely corresponding to one of the
two possible helical modes q̂1 , and a standing wave (SW)
solution made of the superimposition of two counterrotating modes q̂1 and q̂−1 with equal magnitudes. The RW
(SW) solution is supercritical and stable only if 0 < μr < νr
(jνr j < μr ). In the context of buoyancy-driven bodies, the
RW and SW paths correspond to a spiraling and a fluttering
trajectory, respectively. The maximum inclination and
frequency (or Strouhal number) of the body in the corre
sponding limit cycles respectively read θRW
max ¼ jÂ j ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RW
ðAr − Arc Þσ r =μr and St ¼ ðT=2πÞ½λic þ ðAr − Arc Þ×
fσ i − σ r ðμi =μr Þg on the one hand, and θSW
max ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ
−
jÂ þ Â j ¼ 2 ðAr − Arc Þσ r =ðμr þ νr Þ and StSW ¼
ðT=2πÞ½λic þ ðAr − Arc Þfσ i − σ r ½ðμi þ νi Þ=ðμr þ νr Þg on
the other hand, the reference time scale being T ¼ l1 =U
[24]. We computed the coefficients of Eq. (3) for bodies
of various aspect ratios to examine how and up to which
point this model predicts the occurrence and characteristics
of fluttering and helical motions daily observed with falling
or rising disks [25] and rising air bubbles [11].
We first consider a thick rising disk with χ ¼ 3 and
ρ̄ ¼ 0.99. Focusing on the inclination angle, the coefficients of the normal form (3) read σAr2c ¼ 69.73 þ i39.85,
μ ¼ 34.65 þ i2.68, and ν ¼ 19.28 þ i24.24. Hence the
model predicts that the SW path is the stable solution
for Ar > Arc ðwith Arc ¼ 44.98Þ, in agreement with
experiments [26] and DNS data [27] in which a fluttering
path was detected for Ar ≳ 45. Figure 1(a) provides
evidence that the maximum disk inclination in that regime
is also accurately predicted, even far from the threshold. In
contrast, Fig. 1(b) reveals that the predicted frequency

FIG. 1 (color online). Bifurcation diagram for a fluttering disk
with χ ¼ 3 and ρ̄ ¼ 0.99: (a) inclination angle; (b) frequency. The
solid (dashed) line corresponds to the stable, i.e., SW (unstable,
i.e., RW) branch. The open and closed symbols are data from
experiments [26] and DNS [27], respectively.

agrees well with experimental and computational data only
in the close vicinity of the threshold.
We now turn to the case of a thinner disk with χ ¼ 6 for
which the vertical path becomes unstable at Arc ¼ 41.81.
The corresponding coefficients of (3) read σAr2c ¼
70.18þi26.94, μ¼34.65−i26.21 and ν ¼ 44.17 þ i22.23.
Hence the model now predicts a stable RW branch, in
agreement with DNS and experiments which revealed a
spiraling path beyond Ar ∼ 43 [26] (though these authors
evidenced that the three-dimensional path gets more and
more planar as Ar increases, eventually giving way to a
purely planar zigzagging path for Ar ∼ 55). Figure 2(a)
shows that the model accurately predicts the maximum disk
inclination in the spiraling regime close to the threshold
and becomes less reliable as the transition to flutter is
approached. The frequency prediction [Fig. 2(b)] turns out
to be more robust, its range of validity extending up to
Ar ≈ 70. Note the clearly different slopes of the two curves
St(Ar) corresponding to the RW and SW modes, respectively, which helps confirm that the first nonvertical path
is of RW type. Next we turn to the case of a rising
oblate bubble with an aspect ratio χ ¼ 2.5, a situation
where the shear-free condition is substituted for the no-slip
boundary condition at the body surface. In that case, global
stability [12] indicates that the vertical path first becomes
unstable at Arc ¼ 32.14 via a Hopf bifurcation, in agreement with DNS, where a transition to a planar zigzagging
regime is detected at Ar ≳ 30 [11]. The coefficients of
the normal form (3) describing the inclination angle are

FIG. 2 (color online). Bifurcation diagram for a spiraling disk
with χ ¼ 6 and ρ̄ ¼ 0.99: (a) inclination angle; (b) frequency.
Same convention as in Fig. 1, i.e., the solid (dashed) line now
corresponds to the RW (SW) branch.
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FIG. 3 (color online). Bifurcation diagram for a fluttering
oblate spheroidal bubble with χ ¼ 2.5 and ρ̄ ¼ 10−3 : (a) inclination angle; (b) frequency. Same convention as in Fig. 1. The
square symbols are DNS data from Ref. [11].

σAr2c ¼ 24.83 − i15.36, μ ¼ 7.42 − i9.71, and ν ¼ 2.14 −
i6.10. Therefore, the model correctly predicts that the SW
mode is the stable solution selected by the bifurcation.
Figure 3(a) shows that it also properly captures the sharp
increase of the bubble inclination with the distance to the
threshold up to Ar ¼ 40, although it tends to overpredict it
at larger Ar. In contrast, according to Fig. 3(b), the model
largely overestimates the weak increase of the frequency
with Ar − Arc .
Last, we consider the case of an infinitely thin disk. In
this situation, it is customary to define the relative disk
inertia through the ratio I  ¼ ðπ=64Þσ b =ρd, σ b denoting the
disk’s surface density (the above two disks with χ ¼ 3 and
χ ¼ 6 correspond to I  ¼ 1.6 × 10−2 and I  ¼ 8.0 × 10−3 ,
respectively). Here we select a disk with a low relative
inertia, I  ¼ 4.0 × 10−3 , for which the linear stability
analysis [15] reveals the existence of two distinct thresholds
within a narrow range of Ar, yielding two distinct pairs
of unstable modes. At the first of those thresholds
(Arsub
c ¼ 35.8), the corresponding coefficients of the
normal form are found to be σAr2c ¼ 20.00 þ i5.00,
μ ¼ −5.82 − i8.62, and ν ¼ −0.34 − i6.28. The negative
signs of μr and νr imply that the corresponding bifurcation
is subcritical. As shown by Fig. 4, it eventually leads to a
large-amplitude fluttering regime whose characteristics and
subcritical nature were described in Ref. [28], the corresponding DNS detecting its existence down to Ar ≈ 33.

FIG. 4 (color online). Bifurcation diagram of the inclination
angle of an infinitely thin disk with I  ¼ 4 × 10−3 . Same
convention as in Fig. 1 for the solid and dashed lines, the left
(right) pair of which corresponds to the subcritical (supercritical)
bifurcation. The two series of closed symbols are DNS data from
Ref. [28]. The S-shaped curve is an empirical fit based on an
extension of Eq. (3) up to terms of Oðϵ5 Þ.
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In contrast, the second bifurcation at Arsup
c ¼ 38.1 is
supercritical. It yields a second fluttering regime with tiny
disk’s oscillations. DNS [28] detected the existence of this
second regime for Ar ≥ 37.4 and showed its frequency to
be typically 3 times lower than that of the large-amplitude
fluttering. As shown by Fig. 4, the model correctly
reproduces the characteristics of this regime. It is, of
course, unable to predict those of the large-amplitude
fluttering, a task which would at least require its extension
up to terms of Oðϵ5 Þ as shown by the fit displayed in Fig. 4.
Previous works [20,28] have shown that subcriticality of
the first bifurcation of thin disks depends much more on the
aspect ratio than on the inertia ratio. This is why the thin
disk with χ ¼ 6 and the infinity thin disk considered here
behave so differently, despite the two close values of I  .
In the case of the bifurcation to the steady oblique regime
[20], the threshold for the existence of a subcritical
transition was found to be χ c ≈ 52. However, there is no
proof for the time being that this threshold is unchanged
when the first nonvertical regime is unsteady.
In summary, we have derived a third-order truncated
weakly nonlinear model aimed at predicting the characteristics of the path instability and first nonvertical regimes of
buoyancy-driven axisymmetric bodies. Its strength originates from the absence of any tuning in the coefficients of
the amplitude equations in which it is grounded, their value
resulting from a mathematical compatibility condition. The
examples reported in this Letter prove that this model
faithfully predicts the supercritical or subcritical nature of
the bifurcation and the type (fluttering vs spiraling) of path
that follows. It also provides reliable predictions of the
maximum body inclination and frequency of its oscillations
in these regimes, irrespective of the boundary condition
(no-slip vs shear-free) resulting from the nature of the body
surface. Its range of validity extends from 30% up to 100%
beyond the threshold Ar ¼ Arc and it might actually be
further increased by selecting optimally the definition of
the expansion parameter. From a generic viewpoint, the
success of this approach proves that the first nonvertical
path succeeding the initial straight vertical rise or fall
merely results from the nonlinear saturation of the linear
global modes of the coupled fluid-body system.
This approach can be used without any addition in many
other situations of interest in fluid-structure interactions
problems. For instance, the role of a passive appendage in
the generation of a sideways drift was explored in Ref. [3]
by considering a system made of a circular cylinder and a
plate rigidly attached to it. The two-dimensional analog
of our code can be employed to predict the results of the
corresponding experiments and computations with fixed
(but freely rotating) and buoyancy-driven systems, respectively. We are also currently working on the extension of
this methodology to deformable bodies such as flags and
drops which involve extra degrees of freedom associated
with the time-dependent body geometry.
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